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ALGEBRAIC APPROXIMATION OF KA¨HLER THREEFOLDS OF
KODAIRA DIMENSION ZERO
PATRICK GRAF
To sing, to brag, to blaze, to grumble . . .
Abstract. We prove that for a compact Ka¨hler threefold with canonical sin-
gularities and vanishing first Chern class, the projective fibres are dense in
the semiuniversal deformation space. This implies that every Ka¨hler threefold
of Kodaira dimension zero admits small projective deformations after a suit-
able bimeromorphic modification. As a corollary, we see that the fundamental
group of any Ka¨hler threefold is a quotient of an extension of fundamental
groups of projective manifolds, up to subgroups of finite index.
In the course of the proof, we show that for a canonical threefold with
c1 = 0, the Albanese map decomposes as a product after a finite e´tale base
change. This generalizes a result of Kawamata, valid in all dimensions, to
the Ka¨hler case. Furthermore we generalize a Hodge-theoretic criterion for
algebraic approximability, due to Green and Voisin, to quotients of a manifold
by a finite group.
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1. Introduction
A fundamental problem in complex algebraic and Ka¨hler geometry is to de-
termine the relationship between smooth projective varieties and compact Ka¨hler
manifolds. The famous Kodaira Embedding Theorem, combined with Chow’s the-
orem, says that a compact complex manifold is projective if and only if it admits
a Ka¨hler form whose cohomology class is rational. This suggests the following
question, generally attributed to Kodaira.
Question 1.1 (Kodaira problem). Is it possible to make any compact Ka¨hler mani-
fold X projective by an arbitrarily small deformation Xt of its complex structure?
Such a deformation will be called an algebraic approximation of X (see Defini-
tion 2.10).
Using his classification of surfaces, Kodaira proved that every compact Ka¨hler
surface can be deformed to an algebraic surface [Kod63, Thm. 16.1]. More recently
Buchdahl gave a classification-free proof, showing that indeed the deformation can
be taken arbitrarily small [Buc06, Buc08]. In higher dimensions, the Kodaira prob-
lem remained open until in 2003 Voisin [Voi04] gave counterexamples in any dimen-
sion ≥ 4. Her examples are bimeromorphic to a torus, which does in fact have an
algebraic approximation. But in 2004 Voisin [Voi06] even constructed examples (in
any even dimension ≥ 10) of compact Ka¨hler manifolds X such that no compact
complex manifold X ′ bimeromorphic to X admits an algebraic approximation.
At first sight, this seems to provide a most definite negative answer to the
Kodaira problem. However, from the viewpoint of the Minimal Model Program
(MMP), it is more natural to ask about algebraic approximation for minimal mod-
els of compact Ka¨hler manifolds. The point is that these spaces will in general be
singular, albeit mildly. To be more precise, we say that a normal compact Ka¨hler
space X is minimal if it is Q-factorial with at worst terminal singularities, and KX
is nef. (See Sections 2.B and 2.C for the notion of singular Ka¨hler space and the
other terms used in this definition.) The following version of the Kodaira problem
for minimal spaces was proposed by Thomas Peternell.
Conjecture 1.2 (Peternell). Any minimal Ka¨hler space admits an algebraic ap-
proximation. In particular, assuming the Ka¨hler MMP works, every non-uniruled
compact Ka¨hler manifold X is bimeromorphic to a (mildly singular) compact Ka¨hler
space X ′ which admits an algebraic approximation.
By “assuming that the Ka¨hler MMP works” we mean that every non-uniruled
compact Ka¨hler manifold should be bimeromorphic to a minimal Ka¨hler space.
Remark (Surfaces). Conjecture 1.2 fits in nicely with Kodaira’s result about ap-
proximation of surfaces. Namely, since terminal surface singularities are smooth
and approximability is preserved under blowing up a smooth point, approximation
of (non-ruled) surfaces follows from Conjecture 1.2.
Remark (Uniruled manifolds). It is not quite obvious what conjecture to formulate
for uniruled manifolds. At least one cannot hope for approximability for the total
space of any Mori fibration. Indeed, let X be a rigid non-projective compact Ka¨hler
manifold, as for example provided by [Voi04]. Then X × P1 → X is a Mori fibre
space, but X × P1 does not admit an algebraic approximation since it is likewise
rigid and non-projective.
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1.A. Main results. The main result of this paper is the confirmation of Conjec-
ture 1.2 for X a threefold of Kodaira dimension zero. In fact, we prove the following
stronger result, which is not empty even if X itself is already projective. We refer
to Section 2.D for the definition of the miniversal locally trivial deformation and of
a strong algebraic approximation.
Theorem 1.3. Let X be a compact Ka¨hler manifold with dimX = 3 and κ(X) = 0.
Then there is a bimeromorphic modification X 99K X ′, where X ′ is a normal com-
pact Ka¨hler space with Q-factorial terminal singularities, such that the miniversal
locally trivial deformation X ′ → Def lt(X ′) of X ′ is a strong algebraic approxima-
tion of X ′.
The MMP predicts that the basic building blocks of Ka¨hler manifolds are ra-
tionally connected varieties, manifolds of Kodaira dimension zero, and varieties of
general type. The former and the latter are automatically algebraic. Hence it is
natural to consider the case κ = 0 first. We will come back to this observation in
Corollary 1.7, where we study the fundamental groups of arbitrary Ka¨hler three-
folds.
Theorem 1.3 is an immediate consequence of Theorem 1.4 below, combined with
the MMP for Ka¨hler threefolds as established recently by Ho¨ring–Peternell and
Campana–Ho¨ring–Peternell [HP16, CHP16].
Theorem 1.4. Let X be a Calabi–Yau threefold in the sense of Definition 1.5
below. Then:
(1.4.1) The miniversal deformation X → Def(X) of X is a strong algebraic ap-
proximation of X.
(1.4.2) If the singularities of X are isolated, then also the miniversal locally trivial
deformation X ′ → Def lt(X) of X is a strong algebraic approximation.
Here we use the following definition of a Calabi–Yau threefold. Note that there
are several competing definitions in the literature, differing both in whether pro-
jectivity is required and in the kind of singularities allowed.
Definition 1.5 (Calabi–Yau space). A Calabi–Yau space is a normal compact
Ka¨hler spaceX with canonical singularities and vanishing first Chern class c1(X) =
0 ∈ H2(X,R). A Calabi–Yau threefold is a Calabi–Yau space of dimension three.
Remark (Deformations of Calabi–Yaus). The property of being Calabi–Yau in this
sense is stable under small deformations (Lemma 9.3).
Remark (Smooth Calabi–Yaus). For compact Ka¨hler manifolds with c1 = 0, alge-
braic approximability is well-known in any dimension. See e.g. [Cao13, Prop. 4.2.2]
for the argument. However, as pointed out above, in general the vanishing c1 = 0
can only be achieved at the cost of introducing terminal singularities and hence one
needs to deal at least with these.
1.B. Corollaries: fundamental groups of Ka¨hler manifolds. A general prob-
lem regarding the topology of Ka¨hler manifolds is to understand which finitely
presented groups appear as the fundamental group of a compact Ka¨hler mani-
fold. These groups are called Ka¨hler groups for short. Similarly, we say that a
group is (complex-)projective if it is the fundamental group of the analytification
Xan of a smooth projective variety X defined over C. Curiously, all known ex-
amples of Ka¨hler groups are complex-projective, while most known restrictions on
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complex-projective groups also apply to Ka¨hler groups. This leads to the following
long-standing open problem [ABC+96, (1.26)].
Question 1.6. Is every Ka¨hler group the fundamental group of a complex projective
manifold?
We give an affirmative partial answer in dimension three: the fundamental group
of any Ka¨hler threefold can be built from projective groups by taking quotients and
extensions. Furthermore we give a complete affirmative answer for Ka¨hler threefolds
of Kodaira dimension zero.
Corollary 1.7 (Fundamental groups of Ka¨hler threefolds, I). Let X be a compact
Ka¨hler threefold. Then there exist complex projective manifolds F and Z and exact
sequences of groups
π1(F ) −→ G −→ π1(Z) −→ 1,
G −→ π1(X) −→ Q −→ 1,
where Q is finite (hence in particular projective).
Corollary 1.8 (Fundamental groups of Ka¨hler threefolds, II). Let X be a compact
Ka¨hler threefold with κ(X) = 0. Then:
(1.8.1) There exists a smooth projective threefold Y with κ(Y ) = 0 such that
π1(X) ∼= π1(Y ). In particular, π1(X) is almost abelian, i.e. it contains an
abelian normal subgroup Γ E π1(X) of finite index.
(1.8.2) All finite index abelian subgroups of π1(X) have rank 2 · q˜(X), where 0 ≤
q˜(X) ≤ 3 is the augmented irregularity of X (Definition 2.4).
(1.8.3) In particular, if q˜(X) = 0 then π1(X) is finite.
Remark (Work of Campana and Claudon). In [CC14, Thm. 1.1] Campana and
Claudon have already proved the almost abelianity part of Corollary 1.8, without
using the Minimal Model Program for Ka¨hler threefolds.
A Calabi–Yau threefold X with q˜(X) = 0 is necessarily projective (Remark 2.6).
The following finiteness criterion for π1(X) also applies to certain non-projective
Calabi–Yau threefolds. For projective varieties, it was proven in all dimensions
in [GKP16, Prop. 8.23].
Corollary 1.9 (Fundamental groups of Calabi–Yau threefolds). Let X be a Calabi–
Yau threefold. If χ(X,OX) 6= 0, then π1(X) is finite, of cardinality
|π1(X)| ≤
4
|χ(X,OX)|
.
Remark (Threefolds with χ 6= 0). If X is a Calabi–Yau threefold with trivial
canonical bundle, then χ(X,OX) = 0 by Serre duality. But for a non-smooth,
non-projective Calabi–Yau threefold X with ωX 6∼= OX , we have χ(X,OX) ≥ 1
(Lemma 10.3).
Remark (Orbifold fundamental groups). Corollary 1.7 is obtained by studying the
pluricanonical map ϕ = ϕ|mKX | : X 99K Z of X . A difficulty in the proof is that we
have no control over the multiple fibres of ϕ. What we do have is an exact sequence
π1(F ) −→ π1(X) −→ π1(Z,∆) −→ 1
of orbifold fundamental groups [Cam09, Prop. 11.9]. Here ∆ is a suitable divisor
on Z encoding the singularities of ϕ. However, the class of projective orbifold
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fundamental groups is somewhat larger than the class of complex-projective groups.
For threefolds X that satisfy the (unrealistic) assumption that the pluricanonical
map is smooth, the above exact sequence simplifies to
π1(F ) −→ π1(X) −→ π1(Z) −→ 1.
1.C. Corollaries: Unobstructedness and smoothability. The miniversal de-
formation space of a Calabi–Yau manifold is smooth by the famous Bogomolov–
Tian–Todorov theorem [Ran92, Cor. 2]. As soon as singularities are allowed, the
situation becomes more complicated. Gross [Gro97, Ex. 2.7] gave an example of
a projective Calabi–Yau threefold with isolated canonical singularities whose de-
formation space is non-reduced. On the other hand, Namikawa [Nam94, Thm. A]
showed that Def(X) is smooth for a projective Calabi–Yau threefold with terminal
singularities. We extend Namikawa’s result to the Ka¨hler case, while showing at
the same time that Gross’ example does not exist in the non-projective setting.
Corollary 1.10 (Unobstructedness of Calabi–Yau threefolds). Let X be a Calabi–
Yau threefold. Assume that either
(1.10.1) X has terminal singularities, or
(1.10.2) X is non-projective and has isolated canonical singularities.
Then Def(X) is smooth.
A closely related question is whether a singular Calabi–Yau admits a smoothing,
i.e. a flat deformation whose general fibre is smooth. The following positive result
was proved by Namikawa and Steenbrink [NS95, Thm. 1.3] in the projective case.
Corollary 1.11 (Smoothability of Calabi–Yau threefolds). Let X be a Q-factorial
Calabi–Yau threefold with only isolated canonical hypersurface singularities and
ωX ∼= OX . Then X has a smoothing.
Regarding higher-dimensional Calabi–Yau spaces, we still have the following
partial result. It applies for example to Calabi–Yaus whose index one cover is
smooth.
Corollary 1.12 (Quotients of smooth Calabi–Yaus). Let X be a Calabi–Yau mani-
fold and G a finite group acting on X freely in codimension one. Then the quotient
space Y = X/G has a smooth locally trivial deformation space Def lt(Y ), and the
miniversal family Y→ Def lt(Y ) is a strong algebraic approximation of Y .
1.D. Further results. In the course of the proof of Theorem 1.4, we obtain two
results which are of independent interest. The first one concerns the structure of
the Albanese map of a Calabi–Yau threefold. For projective varieties, this was
proven in arbitrary dimensions by Kawamata [Kaw85, Thm. 8.3].
Theorem 1.13 (Albanese map of a Calabi–Yau threefold). Let X be a Calabi–Yau
threefold, with Albanese map α : X → A := Alb(X). Then there exists a finite e´tale
cover A1 → A such that X ×A A1 is isomorphic to F × A1 over A1, where F is
connected. In particular, α is a surjective analytic fibre bundle with connected fibre.
The second result is a Hodge-theoretic criterion for algebraic approximability.
Let Y be a compact Ka¨hler manifold. To any Ka¨hler class [ω] ∈ H1,1(Y ) =
H1(Y,Ω1Y ), one can associate a linear map
α[ω] : H
1(Y,TY )
[ω]∪−
−−−−→ H2(Y,Ω1Y ⊗TY )
contraction
−−−−−−−→ H2(Y,OY ).
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A theorem of Green and Voisin [Voi03, Prop. 5.20] says that if Y is unobstructed
(meaning that Def(Y ) is smooth) and α[ω] is surjective for some Ka¨hler class [ω],
then Y has a strong algebraic approximation. Our criterion is a generalization of
this result to quotients of Y by a finite group.
Theorem 1.14 (Approximation criterion for quotient spaces). Let Y be an unob-
structed compact Ka¨hler manifold, and let G be a finite group acting on Y . Assume
that for some G-invariant Ka¨hler class [ω] on Y , the map α[ω] defined above is
surjective. Then:
(1.14.1) The quotient space X = Y/G admits a locally trivial strong algebraic ap-
proximation.
(1.14.2) If the G-action on Y is free in codimension one, then Def lt(X) is smooth
and the miniversal locally trivial deformation X → Def lt(X) is a strong
algebraic approximation of X.
Remark (Generalizations). It seems reasonable to expect that Theorem 1.14 can
be generalized further to, say, locally trivial deformations of spaces with rational
singularities. However, the present version is sufficient for our purposes.
1.E. Outline of proof of Theorem 1.4. The proof of Theorem 1.4 proceeds in
three main steps. Let X be a Calabi–Yau threefold. We wish to show that X
admits an algebraic approximation.
Step 1: X has isolated singularities and trivial canonical sheaf. In this case, The-
orem 1.13 on the Albanese map of X , combined with Kodaira’s Embedding The-
orem, implies rather quickly that if X is non-projective then it is smooth (The-
orem 5.1). For smooth Calabi–Yaus, approximability is known by a combination
of the Bogomolov–Tian–Todorov theorem, the Hard Lefschetz theorem and the
Green–Voisin criterion mentioned above.
Step 2: X has isolated singularities. By a standard construction known as the
“index one cover”, there is a finite Galois cover X1 → X such that X1 satisfies
the assumptions of Step 1. If X1 is projective, then so is X . On the other hand,
an algebraic approximation of X1 descends to X thanks to Theorem 1.14. This
proves (1.4.2).
Step 3: General case. We consider a “crepant terminalization” Y → X , which is
a partial resolution of X such that Y satisfies the assumptions of Step 2. By a
general deformation theoretic result, an approximation of Y blows down to one of
X thanks to the fact that X has rational singularities. This proves (1.4.1) and
finishes the proof of Theorem 1.4.
1.F. Earlier (and later) work. We briefly review the current knowledge on alge-
braic approximation of Ka¨hler manifolds. As already mentioned, the case of surfaces
is due to Kodaira [Kod63] and Buchdahl [Buc06, Buc08], while negative results in
dimension ≥ 4 were given by Voisin [Voi04, Voi06]. More recently, Schrack [Sch12]
established approximability for certain kinds of P1-fibrations over Ka¨hler surfaces.
In [Cao15], Cao proved approximation for Ka¨hler manifolds X of arbitrary dimen-
sion under additional curvature assumptions, e.g. −KX hermitian semipositive or
TX nef.
Since this work was first published as a preprint, there has been substantial
progress in dimension three. It is now known that any Ka¨hler threefold of Kodaira
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dimension κ = 0 or 1 (not assumed to be minimal) admits an algebraic approxima-
tion, by the work of Lin [Lin16, Lin17a]. If κ = 2, algebraic approximability at least
of a suitable bimeromorphic model was established by Claudon and Ho¨ring [CH17].
Finally, Lin also completely settled the uniruled case, i.e. κ = −∞ [Lin17b]. In
particular, it is now clear that π1 of any compact Ka¨hler threefold is isomorphic to
π1 of a projective manifold, a result hinted at by our Corollary 1.7.
In contrast, these questions remain wide open in dimensions ≥ 4, even if we
assume that the MMP works.
1.G. Acknowledgements. I would like to thank Thomas Peternell for suggest-
ing the topic of algebraic approximation to me, and for many fruitful discussions.
Furthermore I would like to thank Zsolt Patakfalvi, Junyan Cao and in particular
Christian Lehn for interesting conversations and for answering my questions. Last
but not least, the anonymous referee’s input has been very helpful both in sim-
plifying some of the arguments and in improving the statement of Theorem 1.13
significantly.
2. Notation and standard facts
2.A. Complex spaces. All complex spaces are assumed to be separated, con-
nected and reduced, unless otherwise stated.
A compact complex manifold X is said to be of Fujiki class C (or in C, for short)
if it is bimeromorphic to a compact Ka¨hler manifold. We say that X is Moishezon
if its field of meromorphic functions M (X) has maximal transcendence degree
trdegC M (X) = dimX . Being Moishezon is equivalent to being bimeromorphic to
a projective manifold.
We denote by Ω1X the sheaf of Ka¨hler differentials on a normal complex space
X . The tangent sheaf TX of X is by definition the dual HomOX (Ω
1
X ,OX). It is a
reflexive sheaf on X . In particular it coincides with i∗TXsm , where i : X
sm → X is
the inclusion of the smooth locus.
By an analytic fibre bundle, we mean a proper surjective map f : X → Y of
complex spaces such that every point y ∈ Y has an open neighborhood U ⊂ Y with
f−1(U) ∼= U × f−1(y) over U . A proper map f : X → Y is called a fibre space if it
is surjective with connected fibres.
A resolution of singularities of X is a proper bimeromorphic morphism f : X˜ →
X , where X˜ is smooth. We say that the resolution is projective if f is a projective
morphism. In this case, if X is compact Ka¨hler then so is X˜ . Any compact space
X has a projective resolution by [Kol07, Thm. 3.45].
We denote Q-linear equivalence of Weil divisors by the symbol ∼Q. If X is
compact and F is a coherent sheaf on X , we write hi(X,F ) := dimCH
i(X,F ).
2.B. Ka¨hler spaces. While we will not work directly with the definition of a
singular Ka¨hler space, we include the definition here for the reader’s convenience.
Definition 2.1 (Ka¨hler space). Let X be a normal complex space. A Ka¨hler form
ω on X is a Ka¨hler form ω◦ on the smooth locus Xsm ⊂ X such that X can
be covered by open sets Uα with the following property: there is an embedding
Uα →֒ Wα of Uα as an analytic subset of an open set Wα ⊂ Cnα and a strictly
plurisubharmonic C∞ function fα :Wα → R such that
ω◦
∣∣
Uα∩Xsm
=
(
i∂∂¯fα
)∣∣
Uα∩Xsm
.
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A normal complex space X is said to be Ka¨hler if there exists a Ka¨hler form on X .
In particular, the analytification of a normal complex projective variety is a
Ka¨hler space.
Definition 2.2 (Nef line bundles). A line bundle L on a compact Ka¨hler manifold
X is said to be nef if c1(L) is contained in the closure of the open cone K ⊂
H1,1(X) ∩ H2(X,R) generated by the cohomology classes of Ka¨hler forms. For
the technically correct definition of nefness on singular Ka¨hler spaces, see [HP16,
Def. 3.10].
2.C. Singularities of the MMP. For the definition of terminal, canonical and
klt singularities we refer to [KM98, Def. 2.34]. We have the following chain of
implications:
terminal⇒ canonical⇒ klt⇒ rational.
The first two hold by definition and the third one is [KM98, Thm. 5.22]. For a
klt space X , the canonical sheaf ωX is Q-Cartier, i.e. some reflexive tensor power
ω
[m]
X :=
(
ω⊗mX
)∗∗
is locally free, where m > 0. In particular, the first Chern class
of X is well-defined. Namely, set
c1(X) := −
1
m
c1
(
ω
[m]
X
)
∈ H2(X,Q).
Although the canonical sheaf need not come from a Weil divisor, we will abuse
notation and write mKX for ω
[m]
X .
The normal complex space X is said to be Q-factorial if for every Weil divisor
D on X there exists an integer m > 0 such that the sheaf OX(mD) is locally free,
and additionally ωX is Q-Cartier.
Definition 2.3 (Quasi-e´tale maps). A finite surjective map f : X → Y of normal
complex spaces is said to be quasi-e´tale if for some open subset Y ◦ ⊂ Y with
codimY (Y \ Y ◦) ≥ 2, the restriction of f to f−1(Y ◦)→ Y ◦ is e´tale.
Definition 2.4 (Irregularity). The irregularity of a compact complex space X is
q(X) := h1
(
X˜,OX˜
)
, where X˜ → X is a resolution of singularities. The augmented
irregularity of X is
q˜(X) := max
{
q(X˜)
∣∣ X˜ → X finite quasi-e´tale} ∈ N0 ∪ {∞}.
Remark 2.5 (Finiteness of q˜). If X is a Calabi–Yau threefold, then X has rational
singularities and by Theorem 1.13 the Albanese map of X is surjective. Hence
q(X) ≤ 3. Moreover, any finite quasi-e´tale cover X˜ of X is again a Calabi–Yau
threefold [KM98, Prop. 5.20]. Summarizing, we see that q˜(X) ≤ 3.
Remark 2.6 (Spaces with q˜ = 0). A Calabi–Yau threefold X with q˜(X) = 0 is
necessarily projective. Namely, the index one cover X1 of X [KM98, Def. 5.19]
satisfies q(X1) = 0 and hence it is projective by the argument in the proof of
Theorem 5.1. Then X , being a finite quotient of X1, is also projective.
2.D. Deformation theory. We collect some notation and basic facts from defor-
mation theory.
Definition 2.7 (Deformations of complex spaces). Let X be a compact complex
space. A deformation of X is a proper flat morphism X → (B, 0) from a (not
necessarily reduced) complex space X to a complex space germ (B, 0), together
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with the choice of an isomorphism X0 ∼= X . We usually suppress both the base
point 0 ∈ B and the choice of isomorphism from notation. A deformation over
B = S1 := SpecC[ε]/(ε
2) is called a first-order (infinitesimal) deformation.
Definition 2.8 (Locally trivial deformations). A deformation π : X→ B is called
locally trivial if for every x ∈ X0 there exist open subsets 0 ∈ B◦ ⊂ B and x ∈ U ⊂
π−1(B◦) and an isomorphism
U
∼ //
π
  ❇
❇❇
❇❇
❇❇
❇ (X0 ∩ U)×B
◦
pr2xxqqq
qq
qq
qq
qq
B◦.
This definition is in obvious conflict with the usual notion of local triviality
(i.e. local on the base). Nevertheless, the terminology is standard (see e.g. [FK87,
Ser06]) and we trust that it will not lead to any confusion.
Definition 2.9 (Versal and miniversal deformations). A deformation X→ B of X
is called versal if every deformation X′ → B′ of X can be obtained from it by a
base change µ : B′ → B. It is called miniversal (or semiuniversal) if additionally
the differential d0µ is uniquely determined. Ditto for locally trivial deformations.
We denote by Def(X) the miniversal deformation space and by Def lt(X) the
miniversal locally trivial deformation space ofX . These exist by [Gra74, Hauptsatz,
p. 140] and [FK87, Cor. 0.3], respectively. Furthermore Def lt(X) is a subgerm of
Def(X) by the proof of [FK87, Cor. 0.3].
To a first-order deformation π : X → S1 one can associate its Kodaira–Spencer
class in Ext1(Ω1X ,OX), which is the extension class of the conormal sequence
0 −→ OX −→ Ω
1
X
∣∣
X0
π∗
−→ Ω1X −→ 0.
First-order deformations are classified by their Kodaira–Spencer class, i.e. we have
T0Def(X) = Ext
1(Ω1X ,OX) [Ser06, Thm. 1.1.10]. Under this correspondence, lo-
cally trivial deformations correspond to locally split extensions of Ω1X by OX , that
is, T0Def
lt(X) = H1(X,TX) [Ser06, Prop. 1.2.9]. The inclusion T0Def
lt(X) ⊂
T0Def(X) is given by the Grothendieck spectral sequence
Ep,q2 = H
p
(
X, Extq(Ω1X ,OX)
)
⇒ Extp+q(Ω1X ,OX).
The Cˇech cohomological description of the Kodaira–Spencer class of a locally trivial
first-order deformation works the same way as it does for deformations of complex
manifolds [Voi02, Sec. 9.1.2]. For a locally trivial deformation π : X → B over an
arbitrary base B, we obtain correspondingly a Kodaira–Spencer map κ(π) : T0B →
H1(X,TX).
Definition 2.10 (Algebraic approximations). Let X be a compact complex space
and π : X→ B a deformation of X . Consider the set of projective fibres
Balg := Balgπ :=
{
t ∈ B
∣∣ Xt is projective} ⊂ B
and its closure Balg ⊂ B.
(2.10.1) We say that X→ B is an algebraic approximation of X if 0 ∈ Balg.
(2.10.2) We say that X → B is a strong algebraic approximation of X if Balg
contains an open neighborhood of 0 ∈ B.
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3. The Albanese map of a threefold with κ = 0
The following result was proved by Ueno [Uen87, Main Thm. I] for all possible
values of q(X) except q(X) = 2. Hence in the proof we will concentrate on this
particular case.
Theorem 3.1. Let X be a compact complex manifold of Fujiki class C with dimX =
3 and κ(X) = 0. Then the Albanese map α : X → A := Alb(X) is bimeromorphic
to a surjective analytic fibre bundle with connected fibre, i.e. there is a diagram
X
α
  ❅
❅❅
❅❅
❅❅
❅
π //❴❴❴❴❴❴❴ Y
f⑦⑦
⑦⑦
⑦⑦
⑦⑦
A
where Y is a compact complex manifold, π is bimeromorphic and f is an analytic
fibre bundle with f∗OY = OA.
3.A. A result of Fujiki. In the proof of Theorem 3.1, we will need a proposition
of Fujiki [Fuj83, Prop. 4.5] about the irregularity of an isotrivial fibre space. As
the availability of [Fuj83] is somewhat limited, we have chosen to reproduce the
statement in question here for the reader’s convenience. By D/Γ we denote the
period domain of weight 1 integral Hodge structures.
Proposition 3.2 (Additivity of irregularity). Let f : X → Y be a fibre space of
compact complex manifolds in C. Let U ⊂ Y be a Zariski open subset over which f
is smooth. Suppose that the period map Φ: U → D/Γ associated to fU is constant.
Then there exist a normal compact complex space Y˜ and a finite covering Y˜ → Y
which is e´tale over U such that if X˜ := X ×Y Y˜ , then q(X˜) = q(Xy) + q(Y˜ ) for
any y ∈ U .
Proof. See [Fuj83, Prop. 4.5]. 
3.B. The case of irregularity two. As already remarked, we are mainly inter-
ested in the situation where q(X) = 2. The following proposition says that in this
case Theorem 3.1 is true after a finite e´tale base change.
Proposition 3.3. Let X be a compact complex manifold in class C with dimX = 3,
κ(X) = 0, and q(X) = 2. Let α : X → A := Alb(X) be the Albanese map of X.
Then there is a diagram
(3.4) Y
f
&&▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲ X˜
π, bimerom.oo❴ ❴ ❴ ❴ ❴ ❴ //

X
α

A˜
β, finite e´tale // A
where Y is a complex torus, X˜ = X ×A A˜, and f is an analytic fibre bundle with
f∗OY = OA˜.
Proof. By [Uen87, Main Thm. I], the map α is surjective and has connected fibres.
Let F ⊂ X be a smooth fibre of α. By the easy addition formula, we have κ(F ) ≥ 0.
Then by the solution of the Iitaka–Viehweg C+3,2 conjecture [Uen87, Thms. 2.1 and
2.2], it follows that κ(F ) = 0 and the family given by α has variation zero. This
means that all smooth fibres of α are isomorphic to some fixed elliptic curve E.
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Claim 3.5. There exists a compact complex manifold X0 bimeromorphic to X such
that the Albanese map X0 → Alb(X0) = A is smooth outside a codimension two
(i.e. finite) subset of A.
Proof of Claim 3.5. First note that for any bimeromorphic map ϕ : X 99K X0 the
composition α ◦ ϕ−1 : X0 99K X → A is holomorphic, as A does not contain any
rational curves. In fact, A = Alb(X0) and α ◦ ϕ−1 is the Albanese map of X0.
By [Uen87, Cor. 1.10], there is a bimeromorphic map ϕ : X 99K X0 such that
α0 = α ◦ ϕ−1 has the following property: Let U ⊂ A be the largest open set such
that α−10 (U) → U is smooth, and let D ⊂ A be a divisorial component of A \ U .
If H ⊂ A is a non-singular analytic arc (i.e. the image of the unit disc under a
holomorphic embedding) that intersects D transversely in a single smooth point
and α−10 (H) is smooth, then the elliptic surface α
−1
0 (H)→ H does not contain any
(−1)-curves.
In this situation we know by [Uen87, Thm. 2.4] that if A \ U actually contains
an irreducible divisor D, then
(3.6) κ(X0) ≥ κ
(
A,OA(D)
)
.
By the Theorem of the Square [BL04, Thm. 2.3.3], for any a ∈ A we have
τ∗aD + τ
∗
−aD ∈ |2D|,
where τa : A→ A denotes translation by a. Clearly τ
∗
aD 6= D for general a ∈ A, thus
h0
(
A,OA(2D)
)
≥ 2 and κ
(
A,OA(D)
)
≥ 1. Together with (3.6), this contradicts
the fact that κ(X0) = 0. Claim 3.5 is proven. 
The manifold X0 is again in class C, and for any finite e´tale base change A˜→ A
the fibre product X0×A A˜ will be bimeromorphic to X×A A˜. Hence we may replace
X by X0 and make the following additional assumption without loss of generality.
Additional Assumption 3.7. The Albanese map α : X → A is smooth outside a
codimension two subset of A.
As the family defined by α has variation zero, by Proposition 3.2 there is a finite
cover β : A˜→ A, e´tale over the smooth locus of α, such that for X˜ := X ×A A˜ we
have q(X˜) = q(A˜) + q(E). The cover β is e´tale by Assumption 3.7 and purity of
branch locus [Nag59, Theorem]. Hence A˜ is again a two-dimensional complex torus
and we get q(X˜) = 3. As the manifold X˜ still belongs to the class C, by [Uen87,
Main Thm. I] the Albanese map π : X˜ → Y := Alb(X˜) is bimeromorphic. By the
universal property of the Albanese torus (Definition 4.1), X˜ → A˜ factors through
Y , yielding the following diagram.
Y
f
&&▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲ X˜
πoo //

X
α

A˜
β // A
The map f , being a surjective morphism of complex tori, clearly is a fibre bundle.
Furthermore f has connected fibres since α does. This ends the proof. 
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3.C. Proof of Theorem 3.1. By [Uen87, Main Thm. I], the map α is surjective
with connected fibres. Hence 0 ≤ q(X) ≤ 3. If q(X) ∈ {0, 1, 3}, then the result
holds by [Uen87, Main Thm. I]. Hence we will assume from now on that q(X) = 2.
Consider the diagram (3.4) given by Proposition 3.3. After fixing base points,
the e´tale cover β : A˜→ A corresponds to a transitive π1(A)-action on some finite set
S, i.e. a group homomorphism ρ : π1(A) → Aut(S). The subgroup π1(A˜) ⊂ π1(A)
is the stabilizer of the basepoint of A˜. The kernel ker(ρ) is a finite index normal
subgroup of π1(A) contained in π1(A˜). It corresponds to a finite Galois cover
Â→ A that factors through β. Replacing A˜ by Â, we may assume that β is Galois.
(Actually, the covering constructed by Fujiki in the proof of Proposition 3.2 is
already Galois.)
Additional Assumption 3.8. There is a finite group G acting fixed point freely on
A˜ such that A = A˜/G and β : A˜→ A is the quotient map.
We will consider G as a subgroup of Aut(A˜). Every element σ ∈ G induces
an automorphism σ˜ := idX ×A σ of X˜. Hence G acts on X˜ such that X˜ →
A˜ is equivariant and X = X˜/G. Every σ ∈ G also induces a bimeromorphic
automorphism σY := π ◦ σ˜ ◦ π−1 of Y . But Y , being a complex torus, does not
contain any rational curves. Hence σY ∈ Aut(Y ), i.e. σY is in fact biholomorphic.
This implies that G acts on Y in such a way that f is equivariant. As the G-
action on A˜ is fixed point free, so is the G-action on Y . Hence Y/G→ A = A˜/G is
again a fibre bundle, and Y/G is bimeromorphic over A to X˜/G = X . Theorem 3.1
is proved. 
4. The Albanese map for singular spaces
It is a folklore lemma that “the Albanese map exists for projective varieties with
rational singularities” [Rei83, Prop. 2.3], [Som86, Lemma 0.3.3]. Projectivity is of
course not necessary, and also the assumption on the singularities can be weakened.
In Theorem 4.3 below we try to identify the largest class of compact complex spaces
X for which the Albanese map, defined by a universal property for maps to complex
tori, exists and is related to the Albanese map of a resolution of X .
Definition 4.1 (Albanese map). Let X be a compact complex space. A holomor-
phic map α : X → A to a complex torus A is said to be the Albanese map of X ,
and A is called the Albanese torus of X , if any map from X to a complex torus T
factors uniquely through α.
X //
α
  ❅
❅❅
❅❅
❅❅
❅ T
A
∃!
??
The Albanese torus is unique up to isomorphism if it exists. We write A =
Alb(X) and α = albX .
Example 4.2. Let X be the nodal curve obtained from an elliptic curve E by
identifying two points p 6= q ∈ E. Then h1(X,OX) = 2. However, if OE(p − q) ∈
Pic0(E) is non-torsion, then Alb(X) = 0.
ALGEBRAIC APPROXIMATION OF KA¨HLER THREEFOLDS WITH κ = 0 13
As Example 4.2 shows, even if it exists Alb(X) need not be related to h1(X,OX)
or to Alb(X˜), where X˜ → X is a resolution of singularities. The situation is much
better for spaces with rational singularities.
Theorem 4.3 (Albanese map for spaces with rational singularites). Let X be a
normal compact complex space, and let f : X˜ → X be a projective resolution of
singularities. Assume either of the following two conditions.
(4.3.1) The higher direct image sheaf R1f∗ZX˜ vanishes.
(4.3.2) The natural map H1
(
X˜,OX˜
)
→ H0
(
X,R1f∗OX˜
)
is zero.
Then X admits an Albanese torus, Alb(X) = Alb(X˜), and the following diagram
commutes:
X˜
alb
X˜ //
f

Alb(X˜)
X
albX // Alb(X).
Remark 4.4. It is clear that condition (4.3.2) is satisfied for a space X with rational
singularities. The pushforward of the exponential sequence on X˜ yields an injection
R1f∗ZX˜ →֒ R
1f∗OX˜ , hence also (4.3.1) holds for such X .
Proof of Theorem 4.3. Let α˜ : X˜ → Alb(X˜) be the Albanese map of X˜, see [Bla56,
p. 163]. By Lemma 4.5 below, the map α˜ factors through a map α : X → Alb(X˜).
By Lemma 4.5 again, α has the desired universal property. 
Lemma 4.5. Let X be a normal complex space (not necessarily compact) and
f : X˜ → X a projective resolution such that (4.3.1) or (4.3.2) is satisfied. Then
any map ϕ : X˜ → T to a complex torus T factors through f .
Proof. As X is assumed to be normal, it is sufficient to prove the following: For
any p ∈ X , the fibre W := f−1(p) is contracted to a point by ϕ.
In case (4.3.1), the assumption implies H1(W,Z) = 0. Thanks to the universal
coefficient theorem and the fact that W is connected, H1(W,Z) = Hom(π1(W ),Z).
As π1(T ) is free abelian, the map π1(W ) → π1(T ) induced by ϕ|W is trivial and
ϕ|W lifts to the universal cover T˜ of T . Since T˜ is Stein, the lift is constant, hence
so is ϕ|W itself.
In case (4.3.2), assume that ϕ(W ) is positive-dimensional. Blowing up X˜ further
we may assume that W is a simple normal crossings divisor. Let W1 ⊂ W be
an irreducible component such that ϕ(W1) is positive-dimensional. Then there
exists σ ∈ H1(T,OT ) such that (ϕ|W1 )
∗σ 6= 0 ∈ H1(W1,OW1). It follows that
for any neighborhood p ∈ U ⊂ X , setting U˜ = f−1(U) we have (ϕ∗σ)
∣∣
U˜
6= 0 ∈
H1(U˜ ,OU˜ ). Hence the image of ϕ
∗σ ∈ H1(X˜,OX˜) in H
0(X,R1f∗OX˜) is nonzero.
This contradicts the assumption (4.3.2). 
5. Decomposing the Albanese map
In this section, we first prove Theorem 1.13 from the introduction. This will then
yield the following statement about Calabi–Yau threefolds with trivial canonical
sheaf.
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Theorem 5.1. Let X be a Calabi–Yau threefold (in the sense of Definition 1.5)
with only isolated canonical singularities and ωX ∼= OX . If X is non-projective,
then it is smooth.
5.A. Local group actions and vector fields. For the reader’s convenience, we
recall the definition of a local group action. Our presentation follows [GKK10,
Sec. 4.A], but see also [Kau65, Sec. 4].
Definition 5.2 (Local group action). Let G be a connected complex Lie group
and Z a reduced complex space. A local G-action is given by a holomorphic map
Φ: Θ→ Z, where Θ ⊂ G× Z is an open neighborhood of {e} × Z, such that:
(5.2.1) For all z ∈ Z, the subset {g ∈ G | (g, z) ∈ Θ} is connected.
(5.2.2) We have Φ(e, z) = z for all z ∈ Z.
(5.2.3) If (gh, z), (h, z), (g,Φ(h, z)) ∈ Θ, then Φ(gh, z) = Φ(g,Φ(h, z)).
As usual, we write gz as a shorthand for Φ(g, z) if the action is understood.
There is a natural notion of equivalence of localG-actions on Z given by shrinking
Θ to a smaller neighborhood of {e} × Z in G× Z. An equivalence class of actions
induces a Lie algebra homomorphism
λ : g→ H0
(
Z,TZ
)
,
where g is the Lie algebra of G. In terms of derivations OZ → OZ , the vector field
λ(ξ) sends a function f ∈ OZ(U) to
z 7→
d
dt
∣∣∣∣
t=0
f
(
exp(tξ)z
)
.
Here exp: g→ G is the exponential map. The following theorem tells us that there
is an inverse to this construction.
Theorem 5.3 (Vector fields and local group actions). If λ : g → H0
(
Z,TZ
)
is a
homomorphism of Lie algebras, then up to equivalence (i.e. shrinking Θ as described
above) there exists a unique local G-action on Z that induces the given λ.
Proof. See [Kau65, Satz 3]. 
5.B. Proof of Theorem 1.13. As the proof is somewhat long, we divide it into
several steps.
Step 0: Setup of notation. We may assume that q := q(X) > 0, otherwise the
statement is empty. Let π : X˜ → X be a projective resolution of singularities.
Then X˜ is a compact Ka¨hler manifold and since X has canonical singularities, X˜
has Kodaira dimension κ(X˜) = κ(X,KX) = 0 by Proposition 9.2. Since canonical
singularities are rational, by Theorem 4.3 the Albanese map α˜ of X˜ is given by
α˜ : X˜
π
−−−−→ X
α
−−−−→ A = Alb(X˜).
By Theorem 3.1, the map α˜ is bimeromorphic to an analytic fibre bundle f : Y → A
with smooth connected fibre F . We necessarily have κ(F ) = 0. The situation can
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be summarized in the following diagram.
(5.4) X
albX=α
&&▼▼
▼▼
▼▼
▼▼
▼▼
▼▼
▼
β, bimerom.
((♦ ♠
❥ ❤
❢ ❞ ❛ ❴ ❪ ❩ ❳ ❱ ❚ ◗
X˜
π, resol.oo bimerom. //❴❴❴❴❴❴
α˜

Y ⊃ F
f , fibre bundle
ww♦♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
♦
A
Step 1: The curvature of Y . If q = 1, then the fibre F is two-dimensional. Let
F → F ′ be the minimal model of F . We run a Minimal Model Program relative to
the map f . Since f is a fibre bundle, every step in this MMP is the inverse of the
blowup of an e´tale multisection of f . Hence the end product of this MMP is a fibre
bundle Y ′ → A with fibre F ′. Replacing Y by Y ′, we may assume the following.
Additional Assumption 5.5. If q = 1, then F is a minimal surface.
This has the following important consequence.
Claim 5.6. The manifold Y carries a Ricci-flat Ka¨hler metric.
Proof of Claim 5.6. By Assumption 5.5 and abundance for surfaces, we may pick
m > 0 such that ω⊗mF is trivial. Possibly replacing m by a multiple, there is
a nonzero section s ∈ H0(Y,mKY ). For every fibre Ya, the restriction s|Ya is
either zero or non-vanishing everywhere. If s|Ya is zero for some a ∈ A, then
there is a nonzero effective divisor a ∈ D ⊂ A such that f∗D ≤ mKY . But then
0 = κ(Y ) ≥ κ
(
A,OA(D)
)
≥ 1 by [BL04, Thm. 2.3.3], which is impossible. Hence
s is non-vanishing everywhere, and mKY ∼ 0. In particular, the first Chern class
c1(Y ) vanishes. On the other hand, Y is Ka¨hler by Lemma 5.11 below. We conclude
by Yau’s solution to the Calabi conjecture [Yau78]. 
Step 2: The bimeromorphic geometry of β. Let X◦ be the largest open subset of
X such that β induces an isomorphism of X◦ and a dense open subset of Y .
Claim 5.7. The map β−1 in diagram (5.4) is a bimeromorphic contraction, i.e. β
does not contract any divisors. Thus codimX(X \X◦) ≥ 2.
Proof of Claim 5.7. Pick a resolution of indeterminacy of β, i.e. a diagram
Z
r
~~⑦⑦
⑦⑦
⑦⑦
⑦
s
❅
❅❅
❅❅
❅❅
X
β //❴❴❴❴❴❴❴ Y
with Z normal and r, s proper and bimeromorphic. It suffices to show that if E0 ⊂ Z
is a prime divisor which is s-exceptional, then it is also r-exceptional. To this end,
we have the ramification formula
(5.8) KZ ∼Q s
∗KY + E,
where E is s-exceptional. Since Y is smooth and hence terminal, E ≥ 0 is effective
and E0 ⊂ supp(E). Pushing (5.8) forward to X yields
KX ∼Q r∗s
∗KY + r∗E ∼Q 0.
By Claim 5.6, we get r∗E ∼Q 0. As r∗E is effective, this implies r∗E = 0. Then
also r∗E0 = 0, as desired. 
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Step 3: Y splits off a torus. As an intermediate step, we show that the conclusion
we want to prove about X holds for Y .
Claim 5.9. There exists a finite e´tale cover ϕ : A1 → A such that Y1 := Y ×A A1 is
isomorphic to F ×A1 over A1.
Proof of Claim 5.9. Note that f : Y → A is the Albanese map of Y . Thus, by
the universal property in Definition 4.1, for every g ∈ Aut(Y ) there exists a unique
ϕg : A→ A such that ϕg ◦f = f ◦g. If g ∈ Aut
◦(Y ), the identity component, then g
acts trivially onH1(Y,C) and in particular onH0(Y,Ω1Y )
∗. Consequently, the linear
part of ϕg is the identity. That is, ϕg is a translation by some element ϕ(g) ∈ A. We
have thus defined a homomorphism of complex Lie groups ϕ : Aut◦(Y )→ A, which
we will now show to be the desired cover A1 → A. First of all, Y is not uniruled,
hence Aut◦(Y ) is a complex torus by [Fuj78, Prop. 5.10]. It is thus sufficient to show
that the induced Lie algebra map dϕ : H0(Y,TY )→ H0(Y,Ω1Y )
∗ is an isomorphism.
One checks easily that dϕ is given by the natural contraction pairing
(5.10) H0(Y,TY )×H
0(Y,Ω1Y ) −→ H
0(Y,OY ) = C.
Let 0 6= ~v ∈ H0(Y,TY ) be a nonzero holomorphic vector field. Due to the Bochner
principle [Bes08, Lemma 14.17], ~v is parallel with respect to the Chern connection
∇ of the Ricci-flat metric from Claim 5.6. Dualizing using that metric, ~v gives
rise to a parallel (hence holomorphic, as ∇0,1 = ∂¯) 1-form α on Y . Clearly the
contraction ι~vα 6= 0. The argument can also be read backwards, hence (5.10) is a
perfect pairing and dϕ is an isomorphism.
It remains to show that the family f1 : Y ×A A1 → A1 is trivial. To this end,
let g ∈ A1 = Aut◦(Y ) be any point. Since ϕg ◦ f = f ◦ g, the automorphism g
restricts to an isomorphism f−1(0)
∼
−−→ f−1(ϕg(0)) = f−1(ϕ(g)). This is the same
thing as an isomorphism f−11 (0)
∼
−−→ f−11 (g), independent of any choices. We have
constructed a section of IsomA1(Y ×A A1, F ×A1)→ A1. The claim follows. 
Step 4: Vector fields and their flows. To unclutter notation, we will pull back
the whole diagram (5.4) to A1 without putting a subscript “1” everywhere. In
particular, A and Y from now on refer to A1 and Y1, respectively.
Pick a basis ~ϑ1, . . . , ~ϑq of H
0(A,TA), and note that the ~ϑi necessarily commute.
Consider the vector fields ~wi := (0, ~ϑi) on Y ∼= F × A. They induce vector fields
~vi := β
−1
∗ (~wi) holomorphic on X
◦. By Claim 5.7 and the reflexivity of the tangent
sheaf TX , the ~vi extend to holomorphic vector fields on all of X . Let G be the
complex Lie group (Cq,+). Its Lie algebra is the abelian Lie algebra g = Cq. Since
[~vi, ~vj ] = 0 for all 1 ≤ i, j ≤ q, the linear map λ : g → H0
(
X,TX
)
defined by
sending the standard basis vectors ei ∈ g to ~vi is a homomorphism of Lie algebras.
By Theorem 5.3, the map λ is induced by a unique local Cq-action on X , given by
a holomorphic map
Cq ×X ⊇ Θ
Φ
−→ X
as in Definition 5.2. Since X is compact, this action is defined everywhere, i.e. Θ =
Cq ×X . Similarly, the vector fields ~ϑi on A give rise to a (global) Cq-action on A,
Cq ×A
Ψ
−→ A,
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which induces the action ψ of A on itself by translation. Since α∗~vi = ~ϑi in the
sense of Definition 7.4 below, the diagram
Cq ×X
id×α

Φ // X
α

Cq ×A
Ψ // A
commutes. We obtain an induced action ϕ : A ×X → X that commutes with ψ.
Its restriction to A×Xa → X , for any fibre Xa, is an isomorphism. This completes
the proof of Theorem 1.13. 
Lemma 5.11 (Class C fibre bundles). Let X,B be compact complex manifolds and
f : X → B an analytic fibre bundle, with fibre F . Assume that F and B are Ka¨hler
and that X is of class C. If dimX ≤ 3, then X is Ka¨hler.
Proof. We may assume that dimB ∈ {1, 2}. Let µ : X˜ → X be a proper bimero-
morphic map from a Ka¨hler manifold (X˜, ω˜). Then ω := µ∗ω˜ is a Ka¨hler current
on X . Since dimF ≤ 2, for general b ∈ B the restriction of [ω] ∈ H2(X,R) to the
fibre Xb is a Ka¨hler class by [Miy74]. As f is locally trivial, this is even true for all
b ∈ B. Now pick any Ka¨hler class [ωB] on B. It follows that for λ≫ 0 sufficiently
large, [ω] + λ · f∗[ωB] is Ka¨hler on X . 
5.C. Threefolds with trivial canonical bundle. Theorem 5.1 is a consequence
of the following two propositions.
Proposition 5.12. Let X be a Calabi–Yau threefold. If X is not smooth, then its
singular locus Xsg satisfies
q(X) ≤ dimXsg ≤ 1.
Proof. By Theorem 1.13, the Albanese map α : X → A = Alb(X) of X is an
analytic fibre bundle, say with fibre F . If U ⊂ A is an open subset such that
XU ∼= U × F , then (XU )sg ∼= U × Fsg. Since X is assumed to be non-smooth, we
necessarily have Fsg 6= ∅. It follows that dimXsg ≥ dimU = q(X). Furthermore it
is clear that dimXsg ≤ 1, as dimX = 3 and X is normal. 
Proposition 5.13 (Kodaira embedding theorem). Let X be a normal compact
Ka¨hler space with rational singularities. If H2(X,OX) = 0, then X is projective.
Proof. Let f : X˜ → X be a projective resolution of singularities. Then X˜ is a com-
pact Ka¨hler manifold. Since X has rational singularities, we have H2(X˜,OX˜) =
H2(X,OX) = 0 by the Leray spectral sequence associated to f and OX˜ . Thus
H1,1(X˜) = H2(X˜,C). The Ka¨hler cone of X˜ is open in H1,1(X˜) ∩ H2(X˜,R) =
H2(X˜,R), hence there exists an integral Ka¨hler class on X˜ . By the Kodaira em-
bedding theorem [Voi02, Thm. 7.11], it follows that X˜ is projective. In particular,
X is Moishezon. A Moishezon Ka¨hler space with rational singularities is projective
by [Nam02, Thm. 1.6]. 
Proof of Theorem 5.1. We show that if X is not smooth, then it is projective. By
assumption, X has only isolated singularities, so dimXsg = 0. Proposition 5.12
then implies that q(X) = h1(X,OX) = 0. The space X has rational singularities, in
particular it is Cohen–Macaulay. Hence by Serre duality on complex spaces [BS76,
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Ch. VII, Thm. 3.10] we get h2(X,ωX) = h
1(X,OX) = 0. As the canonical sheaf
of X is assumed to be trivial, it follows that H2(X,OX) vanishes. Then X is
projective by Proposition 5.13. 
6. Finite group actions on sheaves and cohomology
In this section, we will consider a finite group acting on a coherent sheaf. The
results we give may be well-known to experts. For example, Lemma 6.2 is contained
in an unpublished manuscript of Kolla´r. However, we have been unable to find
published proofs of these results.
We fix the following setup: X is a normal complex space and G is a finite group
acting on X . We denote the quotient morphism by π : X → Y = X/G.
Definition 6.1 (G-sheaves). A G-sheaf F is a coherent sheaf on X together with
isomorphisms σ(g) : g∗F
∼
−−→ F satisfying σ(gh) = σ(h) ◦ h∗σ(g) for all g, h ∈ G.
If G acts trivially on X , then the invariant subsheaf FG ⊂ F is defined by
F
G(U) := F (U)G for any open subset U ⊂ X .
Here F (U)G denotes the subgroup of G-invariant elements of F (U).
If F is a G-sheaf, the push-forward sheaf π∗F is a G-sheaf on Y , where G acts
trivially on Y . The associated invariant subsheaf will be denoted by (π∗F )
G.
Note that there is a natural G-action on the cohomology groups Hi(X,F ). The
following lemma shows that “taking cohomology commutes with taking invariants”.
Lemma 6.2 (Cohomology of invariant subsheaves). For all i ≥ 0, there are natural
isomorphisms
Hi
(
Y, (π∗F )
G
)
∼= Hi(X,F )G.
Proof. We have natural maps
Hi
(
Y, (π∗F )
G
)
−→ Hi(Y, π∗F ) ∼= H
i(X,F ),
the latter isomorphism coming from the fact that π is finite. Averaging over the
group G gives us a Reynolds operator R : π∗F ։ (π∗F )
G, that is, a splitting of the
inclusion (π∗F )
G ⊂ π∗F . Consequently, Hi
(
Y, (π∗F )
G
)
→ Hi(X,F ) is injective,
and it clearly factorizes via ϕ : Hi
(
Y, (π∗F )
G
)
→ Hi(X,F )G. This is the map
whose existence is claimed in the lemma, and it remains to show its surjectivity.
But the Reynolds operator R induces a map Hi(X,F ) → Hi
(
Y, (π∗F )
G
)
, whose
restriction to Hi(X,F )G is a right inverse to ϕ. This ends the proof. 
Now we will specialize to the case where F = TX is the tangent sheaf of X ,
which is a G-sheaf in a natural way.
Lemma 6.3 (Trace map for vector fields). There is a natural morphism
tr : π∗TX −→ TY ,
called the trace map. If G acts freely in codimension one, then tr induces an iso-
morphism (π∗TX)
G → TY . In particular, in this case we have
Hi(Y,TY ) ∼= H
i(X,TX)
G for all i ≥ 0.
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Proof. Let DerC(A ) denote the vector space of C-linear derivations of a sheaf A
of C-algebras. On an open set U ⊂ Y , the trace map
tr(U) : π∗TX(U) = DerC
(
Oπ−1(U)
)
−→ TY (U) = DerC(OU )
is defined by sending D ∈ DerC
(
Oπ−1(U)
)
to
tr(D) := trX/Y ◦D ◦ π
∗ : OU −→ (π∗OX)
∣∣
U
−→ (π∗OX)
∣∣
U
−→ OU .
Here trX/Y is the usual trace map for functions [KM98, Def. 5.6]. It is easy to
check that tr(D) really is a derivation of OU . Note that this definition works for
any finite surjective morphism of normal complex spaces. Note also that, returning
to vector field notation,
(6.4) tr(~v)(y) =
∑
π(x)=y
dπ
(
~v(x)
)
∈ TyY
for any smooth point y ∈ Y over which π is e´tale.
Now if the G-action on X is free in codimension one, then π is quasi-e´tale. Let
q : X◦ → Y ◦ be the restriction of π to the maximal open subset of Y over which
π is e´tale. The differential of q induces an isomorphism dq : TX◦ → q∗TY ◦ and
consequently there is a pullback map for vector fields
TY ◦ −−−−→ q∗q
∗
TY ◦
q∗(dq)
−1
−−−−−−→ q∗TX◦ .
Since codimY (Y \ Y ◦) ≥ 2, reflexivity of TX and TY allows us to extend this
map uniquely to a map TY → π∗TX . The pullback of any vector field is clearly
G-invariant, hence the last map factorizes via
π∗ : TY −→ (π∗TX)
G.
Consider now the restriction
1
|G|
tr : (π∗TX)
G −→ TY .
Using (6.4), it is easy to check that π∗ and 1|G| tr are inverse to each other. Hence
tr gives an isomorphism (π∗TX)
G ∼−−→ TY as desired. The last statement follows
from this and Lemma 6.2. 
7. Group actions on miniversal deformations
The following result about finite group actions on the total space of a miniversal
deformation and their quotients, split into two separate propositions, is used in the
next section. It might be of independent interest.
Proposition 7.1 (Extending an action to the miniversal deformation). Let Y be
a compact complex manifold, and let G be a finite group acting effectively on Y .
Assume that Def(Y ) is smooth, i.e. that Y has no deformation obstructions. Then
there is a deformation π : Y→ ∆ of Y over a smooth base 0 ∈ ∆ such that:
(7.1.1) The group G acts on Y in a fibre-preserving way, extending the given
action of G on Y0 ∼= Y .
(7.1.2) The Kodaira–Spencer map κ(π) : T0∆ → H1(Y,TY ) is an isomorphism
onto the G-invariant subspace H1(Y,TY )
G ⊂ H1(Y,TY ).
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Proposition 7.2 (Quotient of the miniversal deformation). In the setting of Propo-
sition 7.1, put X := Y/G and ϕ : X := Y/G → ∆. Then ϕ is a locally trivial
deformation of X. Its Kodaira–Spencer map κ(ϕ) : T0∆ → H1(X,TX) fits into a
commutative diagram
(7.3) T0∆
κ(π) // H1(Y,TY )G
1
|G|
tr

T0∆
κ(ϕ) // H1(X,TX).
If the G-action on Y is free in codimension one, then ϕ : X → ∆ is the miniversal
locally trivial deformation of X. In particular, in this case Def lt(X) is smooth.
7.A. Proof of Proposition 7.1. Let ψ : UY → Def(Y ) =: B be the miniversal
deformation of Y . The Kodaira–Spencer map κ(ψ) : T0B → H1(Y,TY ) is an
isomorphism and consequently B can be embedded as an open neighborhood of
0 ∈ H1(Y,TY ). The group G acts linearly on H
1(Y,TY ) and after replacing B by⋂
g∈G gB, we may assume that B is G-invariant. In particular, G also acts on B.
Since the G-action is linear, the fixed point set ∆ := BG is smooth with tangent
space T0∆ = H
1(Y,TY )
G.
Any finite group is linearly reductive [Mas99]. Hence by [Rim80, Cor. on p. 225]
the group G acts on UY in such a way that ψ is equivariant and the restriction to
the central fibre is the original G-action. Thus the deformation Y := ψ−1(∆)→ ∆
has the required properties. 
7.B. Proof of Proposition 7.2. The proof is divided into four steps. We use the
following notation:
Definition 7.4 (Projectable vector fields). Let f : X → Y be a surjective map of
normal complex spaces. A vector field ~v on X is said to be f -projectable if there
exists a (necessarily unique) vector field ~w on Y such that df(~v(x)) = ~w(f(x)) for
all x ∈ X . In this case we write f∗~v = ~w.
Step 1: ϕ is a deformation. First we check that ϕ really is a deformation of X .
Denote by q : Y→ X the quotient map. Since π is proper and q is surjective, ϕ is
proper. Let x ∈ X be any point, and pick y ∈ q−1(x). The local ring OY,y is a flat
O∆,π(y)-module, and the trace map trY/X shows that OX,x is a direct summand of
OY,y. Hence OX,x is also a flat O∆,ϕ(x)-module.
Step 2: Local triviality of ϕ. Let {Uα}α∈I be a Stein open covering of X, indexed
by some set I. We put:
Uα = Uα ∩X0. Then {Uα} is a Stein open covering of X = X0.
Vα = q
−1(Uα). Then {Vα} is a Stein open covering of Y.
Vα = Vα ∩ Y0. Then {Vα} is a Stein open covering of Y = Y0.
Note that G acts on each Vα and Vα, and that Vα/G = Uα, Vα/G = Uα.
We may assume that ∆ = Bε(0) ⊂ Cd is a polydisc, where d = dim∆ and Cd
has coordinates t1, . . . , td. By Lemma 7.7 below, after passing to a refinement of
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{Uα} and consequently also a refinement of {Vα}, there exist for each α ∈ I vector
fields ~v 1α , . . . , ~v
d
α ∈ TY(Vα) which are π-projectable with
π∗
(
~v iα
)
=
∂
∂ti
for each 1 ≤ i ≤ d.
Averaging over the group G, we may assume that the vector fields ~v iα are G-
invariant. Let Πiα : Vα × C → Vα be the local C
+-action associated to ~v iα as
in Theorem 5.3. We obtain an isomorphism Πα as in the following commutative
diagram
(7.5) Vα ×∆
Πα
∼
//
pr2
##●
●●
●●
●●
●●
Vα
π
~~⑥⑥
⑥⑥
⑥⑥
⑥
∆
by setting
Πα(y, t1, . . . , td) = Π
d
α
(
Πd−1α
(
· · ·Π2α
(
Π1α(y, t1), t2
)
, . . . , td−1
)
, td
)
.
By the uniqueness assertion of Theorem 5.3, G-invariance of ~v iα implies that we
have Πiα(gy, t) = gΠ
i
α(y, t) for any g ∈ G, whenever both sides are defined. This
means that Πα becomes G-equivariant if we let G act on Vα×∆ by the given action
G# Y on Vα and trivially on ∆. Hence forming the quotient of diagram (7.5) by
G yields an isomorphism
(7.6) Uα ×∆
Φα
∼
//
pr2 ##❍
❍❍
❍❍
❍❍
❍❍
Uα
ϕ
}}⑤⑤
⑤⑤
⑤⑤
⑤
∆.
Since the Uα cover X, diagram (7.6) shows that ϕ : X→ ∆ is locally trivial.
Step 3: The Kodaira–Spencer map. For the commutativity of (7.3), let v0 ∈ T0∆
be an arbitrary tangent vector, and pick a vector field ~v on ∆ such that ~v(0) = v0.
For α ∈ I, consider the vector fields
~vα := (Πα)∗(0, ~v) ∈ TY(Vα),
~wα := (Φα)∗(0, ~v) ∈ TX(Uα).
These are π- and ϕ-projectable, respectively, with (π∗~vα)(0) = (ϕ∗ ~wα)(0) = v0. By
the Cˇech cohomological description of κ(π) and κ(ϕ), see Section 2.D,
κ(π)(v0) =
[(
~vα|Vαβ − ~vβ |Vαβ
)
α,β
]
∈ Hˇ1
(
{Vα},TY
)
= H1(Y,TY ) and
κ(ϕ)(v0) =
[(
~wα|Uαβ − ~wβ |Uαβ
)
α,β
]
∈ Hˇ1
(
{Uα},TX
)
= H1(X,TX).
But ~wα =
1
|G| tr(~vα). Indeed, it suffices to check this on the maximal open subset
of Uα over which the quotient map q|Vα : Vα → Uα is e´tale, and there it follows from
the description (6.4) of the trace map. Thus κ(ϕ)(v0) =
1
|G| tr
(
κ(π)(v0)
)
. Since
v0 ∈ T0∆ was chosen arbitrarily, we see that the diagram (7.3) commutes.
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Step 4: Miniversality of ϕ. If G acts freely in codimension one, then the map 1|G| tr
in (7.3) is an isomorphism by Lemma 6.3. In particular, κ(ϕ) is surjective. The
deformation ϕ induces a (non-unique) map µ : ∆ → Def lt(X), whose differential
at 0 ∈ ∆ is exactly κ(ϕ). Since ∆ is smooth, this shows the first inequality in the
following chain:
dim0Def
lt(X) ≥ dim∆ = dimC T0∆ = dimC T0Def
lt(X) ≥ dim0Def
lt(X).
So Def lt(X) is smooth, µ is an isomorphism, and ϕ is the miniversal locally trivial
deformation of X . 
Lemma 7.7. Let Y be a Hausdorff topological space, G a finite group acting on Y ,
and q : Y → X = Y/G the quotient map. Then the connected components of the
sets q−1(V ), for V ⊂ X open, form a basis for the topology of Y .
Proof. Pick an open set U ⊂ Y and a point y ∈ U . We need to find an open
set q(y) ∈ V ⊂ X such that the connected component of q−1(V ) containing y is
contained in U .
We may shrink U around y, hence we may assume that U is connected. As
Y is Hausdorff, we may furthermore assume that U ∩ gU = ∅ for all g ∈ G not
contained in Gy, the stabilizer of y. Replacing U by
⋂
g∈Gy
gU , we may assume
that U is stabilized by Gy . Consider V := q(U) ⊂ X . Then q
−1(V ) =
⋃
g∈G gU =
U ∪
⋃
g 6∈Gy
gU , so V is open and the connected component of q−1(V ) containing y
is exactly U . 
8. An approximation criterion for quotients
In this section, we prove Theorem 1.14 from the introduction.
8.A. Variations of Hodge structures. This preliminary section essentially con-
sists of a few remarks on variations of Hodge structures in the presence of a finite
group action, for which we could not find a reference.
Lemma 8.1. Let π : Y → B be a proper submersion of complex manifolds whose
fibres are Ka¨hler, and suppose that a finite group G is acting on Y in a fibre-
preserving way. Then for any k ∈ N, the sheaf (Rkπ∗Q)G is locally constant and
supports a variation of Hodge structure (VHS) on B, which is a sub-VHS of the
natural VHS on Rkπ∗Q.
Proof. Any g ∈ G induces g∗ : Rkπ∗Q → Rkπ∗Q, a morphism of VHS. The sheaf
(Rkπ∗Q)
G is the kernel of the following morphism of VHS:⊕
g∈G
(g∗ − id) : Rkπ∗Q→ (R
kπ∗Q)
⊕|G|.
Hence it is a sub-VHS of Rkπ∗Q. 
Remark 8.2. In Lemma 8.1, the stalk of (Rkπ∗Q)
G at a point t ∈ B is Hk(Yt,Q)G,
and the fibre of (Rkπ∗Q)
G ⊗Q OB over t is H
k(Yt,C)
G. The filtration F • on
Hk(Yt,C)
G induced by the Hodge filtration on (Rkπ∗Q)
G ⊗Q OB satisfies
F p
(
Hk(Yt,C)
G
)
=
⊕
i≥p
Hi,k−i(Yt)
G,
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i.e. it is exactly the natural Hodge filtration on Hk(Yt,Q)
G. In particular, if k = 2,
it satisfies
F 2 ⊕ F 1 = H2(Yt,C)
G.
This property is important for applying [Voi03, Prop. 5.20], which we will do in a
minute.
8.B. Proof of Theorem 1.14. We may assume that G acts effectively on Y . Let
π : Y → ∆ be a deformation of Y as given by Proposition 7.1. By Lemma 8.1,
the sheaf (R2π∗Q)
G supports a variation of Hodge structures, which we denote by
(HG, F •HG,∇G). Since the class of ω is G-invariant by assumption, the connection
∇G on HG induces a map
∇G
1,1
0 (ω) : T0∆ −→ H
2(Y,OY )
G
as in [Voi02, Sec. 10.2.2].
Claim 8.3. The map ∇G
1,1
0 (ω) is surjective.
Proof of Claim 8.3. The Gauß–Manin connection ∇ on R2π∗Q induces a map
∇
1,1
0 (ω) : T0∆ −→ H
2(Y,OY ),
and since HG is a sub-VHS of R2π∗Q, it is clear that ∇
1,1
0 (ω) = ι◦∇
G
1,1
0 (ω), where
ι : H2(Y,OY )
G →֒ H2(Y,OY ) is the inclusion. By [Voi02, Thm. 10.21], we have
∇
1,1
0 (ω) = α ◦ κ(π), where κ(π) : T0∆ → H
1(Y,TY ) is the Kodaira–Spencer map.
Taking G-invariants yields a map
αG : H1(Y,TY )
G [ω]∪−−−−−→ H2(Y,Ω1Y ⊗TY )
G contraction−−−−−−−→ H2(Y,OY )
G,
which is surjective since taking invariants under a finite group is an exact func-
tor [Mas99]. Since κ(T0∆) = H
1(Y,TY )
G, we obtain that ∇G
1,1
0 (ω) = α
G ◦ κ(π) is
surjective, as desired. 
Let
(
HG
)1,1
R
be the real sub-vector bundle of HG whose fibre over t ∈ ∆ is
H1,1(Yt)
G ∩ H2(Yt,R)G ⊂ H2(Yt,C)G. Pick a neighborhood [ω] ∈ U ⊂
(
HG
)1,1
R
such that any class in U , lying over say t ∈ ∆, is a Ka¨hler class on Yt. By Claim 8.3
and Remark 8.2, we may apply [Voi03, Prop. 5.20] to HG and conclude that the
set
∆Q := {t ∈ ∆ | U ∩H
2(Yt,Q)
G 6= ∅} ⊂ ∆
is dense near 0 ∈ ∆, i.e. its closure ∆Q contains an open neighborhood of 0 ∈ ∆.
Now look at the deformation ϕ : X := Y/G → ∆ of X . By Proposition 7.2, ϕ is a
locally trivial deformation of X , and for (1.14.1) it remains to be proven that ϕ is
a strong algebraic approximation.
It is sufficient to show that ∆Q ⊂ ∆algϕ in the sense of Definition 2.10. If t ∈ ∆Q,
then Yt carries a rational Ka¨hler class and hence it is projective by the Lefschetz
theorem on (1, 1)-classes and the Kodaira embedding theorem [Voi02, Thm. 7.11].
Then also Xt = Yt/G is projective by [Knu71, Ch. IV, Prop. 1.5], so t ∈ ∆algϕ .
If the G-action on Y is free in codimension one, then Proposition 7.2 shows that
Def lt(X) is smooth and ϕ is the miniversal locally trivial deformation of X . We
have just seen that ϕ is a strong algebraic approximation of X , hence (1.14.2) is
also proved. 
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9. Proof of main results
In this section, we will prove (1.4.2), (1.4.1), and Theorem 1.3, in this order.
9.A. Auxiliary results. Theorem 1.4.1 is reduced to (1.4.2) by means of the fol-
lowing construction.
Proposition 9.1 (Crepant terminalizations). Let X be a normal compact Ka¨hler
threefold with canonical singularities. Then there exists a projective bimeromorphic
morphism f : Y → X from a normal compact Ka¨hler threefold Y with Q-factorial
terminal singularities such that
KY ∼Q f
∗KX .
We say that f : Y → X is a crepant terminalization of X.
Proof. By [CHP16, Thm. 2.3], there exists a projective bimeromorphic morphism
f : Y → X from a normal compact Ka¨hler threefold Y with Q-factorial terminal
singularities and an f -exceptional boundary divisor ∆Y on Y such thatKY+∆Y ∼Q
f∗KX . Here by a boundary divisor we mean a Weil divisor with coefficients in
[0, 1] ∩ Q. On the other hand, we have ∆Y ≤ 0 by the definition of canonical
singularities. Hence ∆Y = 0, and the proposition is proved. 
Proposition 9.2 (Abundance for Calabi–Yau threefolds). Let X be a Calabi–Yau
threefold. Then the canonical sheaf ωX of X is torsion, meaning that some reflexive
tensor power is trivial: ω
[m]
X
∼= OX for some m > 0. In particular, κ(X) = 0.
Proof. Let f : Y → X be a crepant terminalization of X . Then c1(Y ) = 0, in
particularKY is nef. By [CHP16, Thm. 1.1], the divisor KY is semiample, i.e. some
positive multiple mKY is globally generated (in particular, effective). But then
mKY ∼ 0 since c1(Y ) = 0 and Y is Ka¨hler. This implies mKX = f∗(mKY ) ∼ 0,
so ω
[m]
X = OX(mKX)
∼= OX . 
The following general result was already mentioned in the introduction.
Lemma 9.3 (Stability of Calabi–Yau spaces). Let X be a Calabi–Yau space in the
sense of Definition 1.5. If π : X→ B is a deformation of X = X0, then Xt is again
a Calabi–Yau space for t ∈ B sufficiently close to 0.
Proof. In what follows, we shrink B around 0 if necessary without further mention.
Since X is Ka¨hler and has rational singularities, also Xt is Ka¨hler by [Nam01,
Prop. 5]. Since X has canonical singularities, so do X and Xt thanks to [Kaw99,
Main Theorem]. In particular, ωX is Q-Cartier, i.e. ω
[m]
X is a line bundle for suitable
m > 0. The restriction of ω
[m]
X to Xt is ω
[m]
Xt
, for any t ∈ B, since this holds on the
smooth locus of the normal space Xt. The first Chern class of ω
[m]
X then defines a
section s ∈ H0(B,R2π∗Z) whose germ at t ∈ B is
st = −mc1(Xt) ∈ (R
2π∗Z)t = H
2(Xt,Z).
(Use [Dem12, Ch. IV, Eqn. (13.6′) on p. 232] for the last equality.) So we see that
c1(X0) = 0 implies c1(Xt) = 0 for all t ∈ B. 
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9.B. Proof of (1.4.2). First, we will assume that X is non-projective. Let X1 →
X be the index one cover of X [KM98, Def. 5.19]. Then ωX1
∼= OX1 , and X1 has
isolated canonical singularities by [KM98, Prop. 5.20]. Furthermore there is a finite
(cyclic) group G acting on X1 freely in codimension one such that X = X1/G.
By [Knu71, Ch. IV, Prop. 1.5], X1 is non-projective since X is. Hence X1
is smooth by Theorem 5.1. By the Bogomolov–Tian–Todorov theorem [Ran92,
Cor. 2], the deformations of X1 are unobstructed. Let [ω] ∈ H1,1(X1) be any
Ka¨hler class, and consider the diagram
H1(X1,Ω
2
X1
)
[ω]∪− // H2(X1, ωX1)
H1(X1,TX1)
α[ω] //
≀
OO
H2(X1,OX1)
≀
OO
where the vertical maps depend on the choice of an isomorphism ωX1
∼= OX1 , and
α[ω] is the map defined before Theorem 1.14. It is elementary to see that this
diagram commutes. By the Hard Lefschetz theorem [Voi02, Thm. 6.25], the upper
horizontal map is surjective, and then so is α[ω].
Replacing [ω] by the averaged sum 1|G|
∑
g∈G g
∗[ω], we may assume that [ω] is G-
invariant. Apply (1.14.2) to conclude that the miniversal locally trivial deformation
X ′ → Def lt(X) of X is a strong algebraic approximation of X .
Now consider the general case, i.e. X is not necessarily non-projective. We
need to show that Def lt(X)alg = Def lt(X). So let t ∈ Def lt(X) be arbitrary.
By Lemma 9.3, the fibre X ′t over t is again a Calabi–Yau threefold with isolated
singularities. We may assume that X ′t is non-projective, in which case we already
know that X ′t admits a locally trivial algebraic approximation. But the deformation
X ′ → (Def lt(X), t) is a versal locally trivial deformation of X ′t, by “openness of
versality” [FK87, Rem. 5.8]. Hence t ∈ Def lt(X)alg, which implies the claim. 
9.C. Proof of Theorem (1.4.1). By Proposition 9.1, there exists a crepant ter-
minalization f : Y → X of X . Then Y is a normal compact Ka¨hler threefold with
c1(Y ) = 0 and terminal, in particular isolated and canonical singularities [KM98,
Cor. 5.18]. By (1.4.2), Y admits an algebraic approximation Y → B over some
complex space 0 ∈ B.
Let [X ] ∈ Def(X) and [Y ] ∈ Def(Y ) denote the miniversal deformation spaces
of X and Y , respectively, together with the miniversal deformations X → Def(X)
and Y → Def(Y ). We have f∗OY = OX since X is normal, and R1f∗OY = 0 since
X has rational singularities. Thanks to [KM92, Prop. 11.4.1] and the universal
property of Def(Y ), there exists a commutative diagram
Y //

Y
F //

X

B
µ // Def(Y )
F // Def(X),
where the square on the left is a fibre product, F [Y ] = [X ], and F |Y = f . Pick a
sequence (tn) ⊂ B converging to 0 such that Ytn is projective for all n ∈ N. By
continuity, the sequence (sn) ⊂ Def(X) defined by sn = F (µ(tn)) converges to [X ].
For n≫ 0 sufficiently large, the map Ytn → Xsn induced by F is bimeromorphic
26 PATRICK GRAF
since f is. In particular, Xsn is Moishezon. Furthermore Xsn is Ka¨hler with
rational singularities by Lemma 9.3. Then Xsn is projective thanks to [Nam02,
Thm. 1.6]. So X → Def(X) is an algebraic approximation of X , as desired.
Now arguing exactly as before, using Lemma 9.3 and openness of versality, we
get that X → Def(X) is in fact a strong algebraic approximation of X . 
9.D. Proof of Theorem 1.3. Let X be a (smooth) compact Ka¨hler threefold with
κ(X) = 0. By [HP16, Thm. 1.1], there exists a bimeromorphic map X 99K X ′,
where X ′ is a normal Q-factorial compact Ka¨hler space with terminal singulari-
ties such that KX′ is nef. By [CHP16, Thm. 1.1], the divisor KX′ is semiample,
i.e. some positive multiple mKX′ is globally generated. On the other hand, we
have h0(X ′,mKX′) ≤ 1 since κ(X
′) = κ(X) = 0. Hence mKX′ ∼ 0, in particular
X ′ is a Calabi–Yau threefold with isolated canonical singularities. By (1.4.2), the
miniversal locally trivial deformation of X ′ is a strong algebraic approximation. 
10. Fundamental groups of Ka¨hler threefolds
10.A. Proof of Corollary 1.7. Let X be an arbitrary compact Ka¨hler threefold.
If X is uniruled, consider the maximal rationally connected (MRC) quotient ϕ :
X 99K Z of X . This is an almost holomorphic map with rationally connected
general fibre onto a compact complex class C manifold Z of dimension ≤ 2. Blowing
up X and Z, we may assume that Z is Ka¨hler and ϕ is a morphism. Then ϕ∗ :
π1(X) → π1(Z) is an isomorphism thanks to [Kol93, Thm. 5.2]. The manifold Z,
being of dimension ≤ 2, has an algebraic approximation. In particular, π1(Z) is a
complex-projective group and then so is π1(X).
We may thus assume from now on that X is not uniruled. In this case, we will
need the following notion.
Definition 10.1 (Non-reduced locus). Let f : X → Y be a surjective morphism of
complex manifolds. We define the non-reduced locus of f to be the subset
N(f) :=
{
y ∈ Y
∣∣ the fibre f−1(y) is everywhere non-reduced}.
We say that f is reduced in codimension one if N(f) is contained in a codimension
≥ 2 analytic subset Z ⊂ Y .
By [HP16, Thm. 1.1] and [CHP16, Thm. 1.1] there exists a bimeromorphic
map X 99K X ′ such that mKX′ is globally generated for some m > 0. Let
ϕ|mKX′ | : X
′ → Z be the corresponding pluricanonical map. By construction Z is
a normal projective variety with dimZ = κ(X) and the general fibre F ′ of ϕ|mKX′ |
is connected, with terminal singularities and torsion canonical divisor KF ′ ∼Q 0.
We have an induced meromorphic map ϕ : X 99K Z. After blowing upX and base
changing to a suitable resolution Z ′ → Z, we may assume that ϕ is holomorphic, Z
is smooth and the non-reduced locus of ϕ is contained in a simple normal crossings
(snc) divisor D =
∑n
i=1Di ⊂ Z. The general fibre F of ϕ is smooth and has
Kodaira dimension κ(F ) = 0.
Claim 10.2. There is a finite surjective Galois morphism p : Z˜ → Z from a normal
projective variety Z˜ with klt singularities such that if X˜ is the normalization of the
main component of X ×Z Z˜, then ϕ˜ : X˜ → Z˜ is reduced in codimension one.
Proof of Claim 10.2. For every 1 ≤ i ≤ n, pick a component Ei ⊂ f∗Di which
surjects onto Di, and let mi be its coefficient in f
∗Di. Put m := m1 · · ·mn. Let
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A be an ample divisor on Z such that mA −D is very ample, and pick a general
element H ∈ |mA −D|. Let p : Z˜ → Z be the ramified cyclic cover associated to
D +H as in [KM98, Def. 2.50]. The variety Z˜ is normal, and by the ramification
formula for finite maps
KZ˜ = p
∗
(
KZ +
m− 1
m
(
D +H
))
.
Since D+H is a reduced snc divisor on Z, the pair
(
Z, m−1m (D+H)
)
is klt. Then
so is Z˜ by [KM98, Prop. 5.20].
To see that ϕ˜ is reduced in codimension one, fix an index 1 ≤ i ≤ n and a general
point P ∈ Ei. In suitable local coordinates (xi) on X near P , (si) on Z near ϕ(P ),
and (ti) on Z˜ near P˜ := p
−1(ϕ(P )), the relevant data is given by
Di = {s1 = 0} ⊂ Z,
ϕ(x1, . . . , x3) =
(
xmi1 , ϕ2(x1, . . . , x3)
)
, and
p(t1, . . . , tk) = (t
m
1 , t2, . . . , tk),
where k = dimZ. A calculation (whose details we omit here) now shows that
ϕ˜−1(P˜ ) contains at least one smooth point. This means that the irreducible divisor
p−1(Di) is not contained in N(ϕ˜). A similar argument shows that also p
−1(H) 6⊂
N(ϕ˜). So ϕ˜ is reduced in codimension one. 
The map ϕ˜ induces an exact sequence
π1(F ) −→ π1(X˜) −→ π1(Z˜) −→ 1
thanks to [Nor83, Lemma 1.5.C], and the image of π1(X˜) in π1(X) is a normal
subgroup of finite index by [Kol93, Prop. 2.9.1]. It remains to show that π1(F ) and
π1(Z˜) are complex-projective groups. If κ(X) ≥ 1, then dimF ≤ 2 and π1(F ) is
projective. If κ(X) = 0 then F = X , and π1(X) is projective by Corollary 1.8.
For π1(Z˜), let Z˜
′ → Z˜ be a projective resolution of Z˜. As Z˜ is projective with
klt singularities, π1(Z˜) = π1(Z˜
′) is projective by [Tak03, Cor. 1.1(1)]. 
10.B. Proof of Corollary 1.8. The proof proceeds in four small steps.
Step 1: Projectivity of π1(X). Let X be a compact Ka¨hler threefold with κ(X) = 0.
By Theorem 1.3, there exists a bimeromorphic modification X 99K X ′, where X ′ is
a compact Ka¨hler space with terminal singularities such that X ′ admits a locally
trivial strong algebraic approximation X′ → B. For suitable t ∈ B, the fibre X ′t
will be a projective Calabi–Yau threefold by Lemma 9.3. Let Y be a projective
resolution of singularities of such an X ′t. Then Y is a smooth projective threefold
of Kodaira dimension zero, and we have a chain of isomorphisms
π1(X) ∼= π1(X
′) [Tak03, Cor. 1.1(1)]
∼= π1(X
′
t) Thom’s first isotopy lemma, [Mat12, Prop. 11.1]
∼= π1(Y ) [Tak03, Cor. 1.1(1)].
In our situation, Thom’s first isotopy lemma says that the deformation X′ → B is
topologically trivial (possibly after shrinking B).
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Step 2: Almost abelianity of π1(X). By [Kol95, (4.17.3)] (see also [NS95, Thm. 1.3
and the proof of Cor. 1.4]) the fundamental group of Y has a finite index abelian
subgroup Γ. Hence the same is true of π1(X). There is a finite e´tale cover X˜ → X
such that Γ = π1(X˜) ⊂ π1(X). Taking the Galois closure of X˜ → X , we may
assume that Γ ⊂ π1(X) is a normal subgroup. Since rk(Γ) is the first Betti number
of the compact Ka¨hler manifold X˜ , it is even and we may set r(X) := rk(Γ)/2.
Step 3: Well-definedness of r(X). Let Γi ⊂ π1(X), i = 1, 2, be two finite index
abelian subgroups. They correspond to finite e´tale covers Xi → X . The fundamen-
tal group of the fibre product X1 ×X X2 → X is a subgroup Γ′ ⊂ Γ1 ∩ Γ2 of finite
index in π1(X). So rk(Γ1) = rk(Γ
′) = rk(Γ2). We see that r(X) is independent of
the choice of Γ.
Step 4: The augmented irregularity of X. Let Γ ⊂ π1(X) be the finite index abelian
subgroup corresponding to an e´tale cover X˜ → X with q(X˜) = q˜(X). Then
r(X) =
1
2
rk(Γ) =
1
2
b1(X˜) = q(X˜) = q˜(X).
We have already noted in Remark 2.5 that 0 ≤ q˜(X) ≤ 3.
The last statement of Corollary 1.8 is clear since a finitely generated abelian
group of rank zero is finite. 
10.C. Proof of Corollary 1.9. Passing to a crepant terminalization changes nei-
ther the fundamental group nor the holomorphic Euler characteristic. Hence we
may assume that X has terminal singularities. By Theorem 1.4, there is a lo-
cally trivial strong algebraic approximation X → B of X . The Euler character-
istic χ(Xt,OXt) is locally constant on B thanks to [BPS80, Satz 3.iii)]. Since
π1(X) = π1(Xt) by Thom’s first isotopy lemma again, we conclude by apply-
ing [GKP16, Prop. 8.23] to a suitable projective fibre Xt. 
The following was claimed in the introduction.
Lemma 10.3. For a non-smooth, non-projective Calabi–Yau threefold X with
ωX 6∼= OX , we have χ(X,OX) ≥ 1.
Proof. We have q(X) ≤ 1 by Proposition 5.12 and h2(X,OX) ≥ 1 by Proposi-
tion 5.13. For a projective resolution of singularities X˜ → X ,
h3(X,OX) = h
3
(
X˜,OX˜
)
X has rational singularities, [KM98, Thm. 5.22]
= h0
(
X˜, ωX˜
)
Dolbeault isomorphism and conjugation on X˜
= h0(X,ωX) X has canonical singularities.
Now h0(X,ωX) = 0 since ωX is torsion but non-trivial. Hence
χ(X,OX) = 1− q(X) + h
2(X,OX)− h
3(X,OX) ≥ 1− 1 + 1− 0 = 1. 
11. Unobstructedness and smoothability
11.A. Proof of Corollary 1.10. Let X be a Calabi–Yau threefold. If X is pro-
jective with terminal singularities, then Def(X) is smooth by [Nam94, Thm. A].
Hence we may assume that X is non-projective with isolated canonical singulari-
ties. Consider the index one cover X1 → X . By Theorem 5.1, X1 is smooth. Then
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by Theorem 1.14, Def lt(X) is smooth. But Def(X) = Def lt(X) by [Sch71, Thms. 1
and 3].
11.B. Proof of Corollary 1.11. By Theorem 5.1, if X is non-projective then
it is smooth. The existence of a smoothing for projective X is proved in [NS95,
Thm. 1.3].
11.C. Proof of Corollary 1.12. By the argument in the proof of (1.4.2), the
manifold X satisfies the assumptions of Theorem 1.14. We conclude by apply-
ing (1.14.2).
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